The mapping properties we shall prove hold for the normalized exterior mapping function of a simple analytic curve. Let C be a simple analytic curve in the z-plane and designate its exterior by D. The normalized exterior mapping function of C is the analytic function w=f(z) which is uniquely determined by the conditions that (i) it is regular in D except for a simple pole at z = oo, (ii) its power series expansion about 2= oo has the normalization Proof. A curve P is star-shaped with respect to a point A in its interior if it is a simple curve, and if each point of P can be connected to A by a straight line lying in the interior of P. Let a have radius r, and let Z be a point on a. Then Z -z0 = reie. Let F(Z) = Re'*. For
The mapping properties we shall prove hold for the normalized exterior mapping function of a simple analytic curve. Let C be a simple analytic curve in the z-plane and designate its exterior by D. The normalized exterior mapping function of C is the analytic function w=f(z) which is uniquely determined by the conditions that (i) it is regular in D except for a simple pole at z = oo, (ii) its power series expansion about 2= oo has the normalization Ci (1) w = z + a-o -\-h • • ■ , z and (iii) it maps D in a 1-1 manner onto the exterior of a circle 2, |w| =P-Theorem I. Let Cbea simple analytic curve, and designate its exterior by D. Let f(z) be the normalized exterior mapping function of C. Let a be a circle with center z0, whose closed interior lies in D. Then F(z) =f(z)/(z -zo) maps a onto a curve in the w-plane that is star-shaped from the point w = 0.
Proof. A curve P is star-shaped with respect to a point A in its interior if it is a simple curve, and if each point of P can be connected to A by a straight line lying in the interior of P. Let a have radius r, and let Z be a point on a. Then Z -z0 = reie. Let F(Z) = Re'*. For the image of a to be star-shaped, dé/dd must not vanish, and be of constant sign for O^0<2x. Since F(z) has a simple pole in a, and otherwise is regular and nonzero there, ó decreases by 2x when 0 increases by 2x, so dé/dd must be negative for some value 0', O=0'<2x.
We now show that it is negative for each value of 0 in the interval.
We first express dé/dd at a point Z on crin terms olf(Z). Start with 
We now use the Cauchy integral formula to obtain a representation for /'(Z)i'f(Z).
Since f'(z)/f(z) is regular in D, and tends to zero as z-> oo, and since each point Z lies in D, for a fixed Z we have
Let/(z) =peia when z is on C, and indicate the inverse of w=f(z) by z = z(w). Then (f'(z)/if(z)) dz = da and from (5) we have
Substituting (6) in (4), we obtain / 1 r2* Z -zn \ (7) -= Re(-I -á«-lj.
Since (\/2ir)Jl*da = \, this can be written
The integrand in (8) is a continuous function of a since the circumference of a is bounded from C. Hence, to prove d(p/d6<0, it suffices to show that the integrand in (8) is negative fora, 0=a<2ir. Indeed, let cti be a value in this interval, and let z(piai) =zi. 
